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Linear Least Squares Problems

® |inear systems of equations:
Axo+w =b, A e R™*4,

® Aim is to recover xg by observing A and b.
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Linear Least Squares Problems

® |inear systems of equations:

Axo+w =Db, A e R4,

Aim is to recover x( by observing A and b.
My studies focus on the LS solutions:

x| s = argmin ||Ax — b||3 = (ATA)_1 ATb

xeR4
® In practise due to ill conditioned nature of A, x5 may not be acceptable.
® Generally, it is used with an additional penalty:
1 A bl | 1
x(\) = argmin —||Ax b3 + ||x|| —argmln [ ] [ ] = (ATA + 1) A"b
R 2 T 2 \/_Id 0 ) ( )

f(XJ\)
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Linear Least Squares Problems

® |inear systems of equations:

Axo+w =Db, A e R4,

Aim is to recover x( by observing A and b.
My studies focus on the LS solutions:

x| s = argmin ||Ax — b||3 = (ATA)_1 ATb

xeR4
® In practise due to ill conditioned nature of A, x5 may not be acceptable.
® Generally, it is used with an additional penalty:
1 /\ b] | 1
x)\—armln—Ax bl + Z ||Ix —armln [ ] [] = (ATA+)I) ATb
() = argmin 5 [Ax bl + 5 xl = argmin || 5 1x— | gl = ( )

f(XJ\)

@ Find a proper estimate for A
® Construct the solution x(\)
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Traditional Approaches: Solution Reconstruction for a Given A

e Closed form solution: x()\) = (AT A 4+ A\I;)"'ATb where A ¢ R"*4
I O(nd?) complexity of multiplication
I Squares the condition number
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Traditional Approaches: Solution Reconstruction for a Given A

e Closed form solution: x()\) = (AT A 4+ A\I;)"'ATb where A ¢ R"*4
I O(nd?) complexity of multiplication
I Squares the condition number
e Direct methods: x(\) = R"7Q”b where [AT vAI]” = QR and b? = [b” 07]
» Cholesky Dec., SVD, QR Dec. etc.!
I O(nd?) complexity of full decomposition
® First order iterative solvers

» CG, LSQR, ART, Chebyshev, GMRES, LSMR etc.?
v Requires a few matrix-vector or vector-vector multiplications per iteration
v O(nd) complexity per iteration

I Slow convergence:

I — %], < (V <(ATA § A1) ‘1) Jt =

||2,1<z',

VEATA + ;) +1
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Traditional Approaches: Computational Bottlenecks

® For the feasibility of the algorithms, in addition to the number of operations, there are
two factors related to the number of iterations:
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® For the feasibility of the algorithms, in addition to the number of operations, there are
two factors related to the number of iterations:
® Distributed matrix-vector multiplications:

N
ATAx =) A7A/x, where A =[A] ... A}]"
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® Synchronization steps induced by inner products:

N
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® Preconditioning could be a remedy: x(NTA) < x(A) or K(AN) < k(A)
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® For the feasibility of the algorithms, in addition to the number of operations, there are
two factors related to the number of iterations:
® Distributed matrix-vector multiplications:

N
ATAx =) A7A/x, where A =[A] ... A}]"
¢
® Synchronization steps induced by inner products:

N
Ibll;="> " lbell;, where b=[b, ..., bi]"
4

* Preconditioning could be a remedy: x(N7A) < k(A) or K(AN) < k(A)

Left Preconditioning: X;.p; = argmin HNTAx — NTng ,
x€R4

Right Preconditioning: x,;g5; = argmin ||ANx — bH%,
xeR
Xt = X5 if RINNTA) = R(A) or Nx,ign = x15 if RINNTA) = R(AT).
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Traditional Approaches: Estimation of A
® |f x5 was available

A =argmin |xo —x(A)|ly or A =argmin [[A(x¢ —x(N)],
AR XER
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® Generalized Cross Validation® uses following unbiased estimator of the predictive risk

_ b= Ax(Ml,

Grun(N) = tr(I— Pa(N)’

where PA(A) = A (ATA + A;) ' AT and sdy(A) = tr (Pa())).

I' Search for minimizer of G f,;(\) is a major issue

ibrahim Kurban Ozaslan M.S. Thesis Presentation 13 July 2020 6/43



Traditional Approaches: Hybrid Methods

e At the i*" iteration, LSQR* finds the solution of the following lower dimensional
sub-problem: (81 = ||b||5)

y'(\) = argmin [|B;y — Bre1]l; + Ally]l3, where
yeR?

where B; € RiT1X¢ x = Q;y* and span(Q;) = K;(ATA, ATb)
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Traditional Approaches: Hybrid Methods
e At the i*" iteration, LSQR* finds the solution of the following lower dimensional

sub-problem: (51 = [[b][,)

y'(A) = argmin | By — Brer|l5 + Alyll5, where
yEeR?

where B; € RiT1X¢ x = Q;y* and span(Q;) = K;(ATA, ATb)
® Hybrid-LSQR? selects \ that minimizes:

_ By’ (V) — Bre
Gproj(/\) - tr (Ii—I—l - ]DBZ-()‘))2

v" Minimization of G);()) requires O(i) operations
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Traditional Approaches: Hybrid Methods

e At the i*" iteration, LSQR* finds the solution of the following lower dimensional
sub-problem: (81 = ||b||5)

y'(A) = argmin | By — Brer|l5 + Alyll5, where
yEeR?

where B; € RiT1X¢ x = Q;y* and span(Q;) = K;(ATA, ATb)
® Hybrid-LSQR? selects \ that minimizes:

By’ () = e
Gproj(/\) - tr (Ii—I—l - PBZ-()‘))2

v" Minimization of G);()) requires O(i) operations
I To select a proper A for the full problem, number of iterations ¢ must be larger than k*

I k* scales with the dimension of the problem
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Random Projection - |

® Reduces the dimension
® Bounds the number of iterations

e Convenient for parallel and distributed computations®

Ibrahim Kurban Ozaslan M.S. Thesis Presentation 13 July 2020 8/43



Random Projection - |
® Reduces the dimension
® Bounds the number of iterations

e Convenient for parallel and distributed computations®

Definition (Oblivious ¢2 Subspace Embedding)

If a distribution D over R™*" satisfies the following concentration inequality
Ps.p (|JUTSTSU 1|, > ¢) <6,

with VU € R™** UTU =1, S € R™*™, then it is called (e, 6, k)-OSE.
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Random Projection - |
® Reduces the dimension
® Bounds the number of iterations
e Convenient for parallel and distributed computations®

Definition (Oblivious ¢2 Subspace Embedding)

If a distribution D over R™*" satisfies the following concentration inequality
Ps.p (|JUTSTSU 1|, > ¢) <6,

with VU € R™** UTU =1, S € R™*™, then it is called (e, 6, k)-OSE.

If the entries of S are drawn from N(0,1/m) and m = O(e 2log(1/4)), then S is an
(¢,0,n)-OSE’, i.e., Va € R", with probability of at least 1 — d:

(1 —¢)lall; < [Sall, < (1 +¢€)|lall,
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Random Projection - |l

® Gaussian Sketches ~ O(mnd)
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Random Projection - |l

® Gaussian Sketches ~ O(mnd) e CountSketch ~ O(nnz(A))

-II _II

® Randomized Orthogonal Systems ~ O(ndlog(m)) e Sparse Sketches ~ O(s - nnz(A

Random Row Fast Random Row
Sampling  Transform  Scaling(+1) - .
E -
-
W R A SA
N P J

v
S mxd
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RP-based Methods: Randomized Preconditioning
® Used for highly over-determined (n > d) or higly under-determined (n < d) problems

Xright = argmin  ||ANx — b||§
x€ER
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Xright = argmin  ||ANx — b||§
x€ER

® Blendenpik® sets N = R;! in LSQR where SA = Q,R, and S is ROS

® LSRN? sets N = V3! in LSQR and CS where SA = U,X, V! and S is Gaussian
* Iterative Hessian Sketch (IHS) follows a different path

1 9 1 9
fx) = ) A5 + (ATb» X) ~ B} ISAx||5 + (ATb, X)
increases accuracy over iterations by using the true gradient:

. 1 N[E ;
X = argmin = ] SiA(x - )|~ (AT(b - Ax'), x)

x€ER4

— x'+ (ATSTS,A) ' A" (b — AX)
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RP-based Methods: Randomized Preconditioning
e Used for highly over-determined (n > d) or higly under-determined (n < d) problems

Xright = argmin ||ANX - b”%
x€ER

* Blendenpik® sets N = R;!in LSQR where SA = QR and S is ROS

® LSRN? sets N = V.2 ! in LSQR and CS where SA = U; 3, VT and S is Gaussian
® Iterative Hessian Sketch (IHS)!? follows a different path

1 2 1 2
1) = 5 IAX]3 + (ATb, x) ~ J [SAx|3 + (ATb, x)
increases accuracy over iterations by using the true gradient:

. 1 12 )
i+ — argmin = ] SiA(x—x)|| = (A(b - Ax), x)

x€Rd
. 71 .
=x'+ (ATSTS;A) AT (b— AX)
> S; =S can be used for all iterations, but might cause divergence!®.
» Accelerated-IHS (A-IHS)!2 uses CG instead of GD to prevent divergence.
5 iy 3001043
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Proposed M-IHS: Derivation

. 2 . A
x = argmin HSiA(x —x") .t A5 = 2(AT (b — Ax) - X', x)

x€R4

7 Can we avoid change of S at every iteration?
? Can we accelerate the convergence of the iterations?
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Proposed M-IHS: Derivation

. 2 . A
x'T! = argmin HSZ'A(X —x") ) +A ||X”§ —2(A"(b - AX') — XX, %)

x€R4

7 Can we avoid change of S at every iteration?
? Can we accelerate the convergence of the iterations?
® Yes, both can be realizable via Heavy Ball Method (HBM):

Xt = x4+ Vf(x') + Bi(x! — x 1)
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Proposed M-IHS: Derivation

. .12 . .
i+l SiA(x —x") ,HA %[5 — 2(AT (b — Ax") — Ax', %)

= argmin ‘
x€Rd

X

-~

Can we avoid change of S at every iteration?
Can we accelerate the convergence of the iterations?
Yes, both can be realizable via Heavy Ball Method (HBM):

xM = x" 4, Vf(x') + Bi(x —x'71)
The optimal fixed momentum parameters for LS problems are

i 4 ﬁ*_\/a—l—\/@

(Vo1 +vaa)*’ Voo

e -~
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Proposed M-IHS: Derivation

Xi—‘rl (X _ Xi)

2 2 T i i
2—l—)\||x||2—2<A (b — Ax') — Xx', x)

= argmin ‘
x€Rd

-~

Can we avoid change of S at every iteration?
Can we accelerate the convergence of the iterations?
Yes, both can be realizable via Heavy Ball Method (HBM):
x T =x'+ o, Vf(x') + Bi(x' —x1)

The optimal fixed momentum parameters for LS problems are

o — 4 ﬁ*:w/Ul—«/Ud

(Vo1 + oa)?’ Vo1 +\/04

® Momentum-IHS is obtained by incorporating the HBM into the IHS updates:

Ax' = argmin  [|SAx|3 + \||x]]3 — 2 (AT (b — AX") — X', x),
x€ER

1 z 1
xT =x" + aAx’ + B (%' ),
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Proposed M-IHS: Extension to Under-determined Regime
® A dual of the regularized LS problem is:

v() = argmin 5[ AT[; + 3wl - (. v),

g(v,A)

and the relation between the solutions is

v(\) = (b—Ax(\)/A <= x(\) = ATv()).
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Proposed M-IHS: Extension to Under-determined Regime
® A dual of the regularized LS problem is:

.1 2 A
o) =argmin 3 AT} + 3 w3 - (b, v),

g(v,A)

and the relation between the solutions is
v(\) = (b—Ax(\)/A <= x(\) = ATv()).
® The Dual M-TIHS uses following updates:

Av® = argmin ||SATI/H§ + A vl -2 (b—AATV — M), V),
veRn

vl =Vt aAv + 8 (V-
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Proposed M-IHS: Convergence Properties

Theorem (Non-asymptotic Analysis)

Let U, € R™*¢ consists of the first n rows of an orthogonal basis for [AT /AI;]”. Let the sketching
matrix S € R™*™ be drawn from a distribution D such that

Ps.p (||UTS"SUL - UTUL|,, > ¢) <4, e (0,1).

Then, the M-IHS with the following momentum parameters

2
,8*2(6/(14—\/1—62)) , o =(1-0")v1-¢e,
converges to the optimal solution x(\) at the following rate with a probability of at least (1 — 0):

||Xi+1 _

€ i
Moy < 15 7== I —*xWlps

where D;l is the diagonal matrix whose diagonal entries are \/ai2 + A 1<i<d.
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Proposed M-IHS: Total Number of Iterations

Corollary

For some € € (0,1/2) and arbitrary 1, the number of iterations for the M-IHS to obtain an
n-optimal solution approximation in £2-norm is upper bounded by

_ log(n) log(C)
V= [log(e) —log(1+v1— 62)-‘

where the constant C' = \/k(ATA + \],)

Y = x|, < 0 1%\
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Proposed M-IHS: Sketch Size

Lemma (Lower Bounds on the Sketch Size)

If the sketching matrix S € R™*" s chosen in one of the following cases, then the condition in the
theorem

Ps.p (|UTSTSUL — UTUL|, > ) <5, €€ (0,1)
is satisfied.

@ S is a CountSketch with
m = Q (sdy(A)?/(e6))
: : : o s = Q(log, (sdr(A)/)/e)

® S is a Sub-Gaussian sketching matrix with
m = Q(sdy(A)/e?)
S is a ROS matrix with
) 56 S GG m = Q(a - sdy(A) log(sdx(A) /) /€2)
m = Q ((sdr(A) + log(1/ed) log(sdr(A)/6)) /€?)

@ S is a Sparse Sketching with

non-zero elements in each column and

where « > 2, § < 1/2, e < 1/2

4
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Proposed M-IHS: Empirical Convergence

Remark (Asymptotic Analysis)

If the entries of the sketching matrix are independent, zero mean, unit variance with bounded higher
order moments, then the M-TIHS and the Dual M-IHS with the following momentum parameters

p=SBA) gy

m

will converge to the optimal solutions with a convergence rate of v/ as m — oo while sdy(A)/m
remains constant. Any sketch size m > sdy(A) can be chosen to obtain an 7-optimal solution
log()

log(v/B)

approximation in at most iterations.

sdx(A)

% = x()p < ( ) 1%V =
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Proposed M-IHS: Theoretical vs Numerical Convergence

0 o
ol g-1 ] \\
® 2 X 2 "
= ~ \\
=3 53 \
= .l = N
:;/ >|< 4 \A
o 5y - = (1/V2)", m = 2sd,(4)
5 1/ = 2sd,(4 509
£ 6| El/f; = 5ZdiEA; -~ -9 = (1/v5) ,m= 5sdA(A)
& n=(1/V15)", m=15sd,(A) & -6 n=(1/v10)", m = 10sd,(A)
S -7 f|—Exact M-THS n = , —— Exact M-IHS ‘ \
0 5 0 1 s O 5 10 15 20
iterations, ¢ iterations, ¢
(a) Dense problem with size 32000 x 1000 (b) Spars7e problem with size 24000 x 1200,
k(A) =108, sdy(A) = 119, and ROS matrix via x(A) = 10", sparsity ratio 0.1%, sdx(A) = 410,
DCT and CountSketch
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Proposed M-IHS: Inexact Sub-solver

® The next step in the M-IHS updates:

Ax' = argmin  [|SAx||5 + A x5 + 2 (VIR 2), %)
x€R4

can be obtained by solving the following lower dimensional sub-problems

((SA)T(SA) + >\Id> Axi = —Vf(xi,\).
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Proposed M-IHS: Inexact Sub-solver

® The next step in the M-IHS updates:

Ax' = argmin  [|SAx||5 + A x5 + 2 (VIR 2), %)
x€R4

can be obtained by solving the following lower dimensional sub-problems
QSAVXSA)+AM>Axt:—Vf@ﬂAy

® We introduced AAb_Solver for the the problems in the form of ATAx = b.
® Does not square the condition number
® More stable than symmetric CG or Lanczos Tridiagonalization algorithms
|ATAX" D],
b,
® Computes the solution in O(md) operations

® Stopping criterion: €g,p >
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Proposed M-IHS: Theoretical vs Numerical Convergence

—1
A

/lxMlo

A

logip [|Ix' —x(X)llp

Or or
_1 E :Q<_1 L
=

21 % 2f

N E
3F \\ = :5 3l
4t < g al ‘
5| =(1/V2), m= 2sdA(A) A ® e = (1/v2), m = 2sd,(A)
; = (/VB)', m= 55d,\(A) R, ; 5B = (1/V5), m=b5sdy(A)
B A= (1/\/5) , m = 15sd,(A) = n=(1/v10)", m = 10sd,(A)

——Exact M-IHS & -6+ |—Exact M-THS
-7 I |——Inexact M-IHS, e, = 0.1 iS ——Inexact M-IHS, e = 0.1
| | AT\ | -7 | | NA_
0 5 10 15 20 0 5 10 15 20

iterations. 7

(a) Dense problem with size 32000 x 1000
k(A) =108, sdy(A) = 119, and ROS matrix via

DCT

iterations, 7

(b) Sparse problem with size 24000 x 1200,

and CountSketch
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k(A) = 107, sparsity ratio 0.1%, sdy(A) = 410,
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Proposed M-IHS: Overall Algorithms

M-THS (for n > d) Dual M-IHS (for n < d)
1 Input: A, b, m, A\, x!, sdy(A), €sup 1 Input: A, b, m, A, sdy(A), €sup
2: SA =RP_fun(A,m) 2. SAT = RP_fun(A” m)
3 B=sd\(A)/m, a=(1-p)* 3 B=sdy(A)/m, a=(1-8)2%1"=0
4. while until stopping criteria do 4: while until stopping criteria do
5: gl = AT(b - Ax") — \x' 5: g =b—-AATY — )\

6: Ax' = AAb Solver(SA, g’, \, €sup) 6: Av' = AAb_Solver(SAT, g, A, e.p)
7. X =x' 4+ aAxt + B(xt — x) 7. VTl =vi+ oAV + B - i)

8: end while 8: end while
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Proposed M-IHS: An Observation

The following linear systems is d x d
dimensional

((SA)T(SA) + )\Id> Ax' = —Vf(x,\).

where SA € R"™*"™ with m ~ sd)(A) < n,d

ibrahim Kurban Ozaslan M.S. Thesis Presentation
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logio [|x" —x(})|lp
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: :

oy = (1/v2)', m = 2sd(
[ - = (1/\/5)17 m = 5Sd)\(A)
n=(1/V15)", m = 15sd,(A)
—— Exact M-THS
[ |—Inexact M-IHS, €5, = 0.1
‘ ‘ A |
0 5 10 15 20

iterations,. ¢

Figure: Dense problem with size 32000 x 1000
k(A) = 108, sdy(A) = 119, and ROS matrix via

DCT
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Proposed M-IHS: Two-Stage Sketching
The dual of the problem

Ax" = argmin ||SAx||2+)\||x||2-|—2<Vf x', ), x)
x€R?

is a highly over-determined d x m dimensional problem:

z" = argmin - HATSTz—l—Vf (x', ) H2 ||z||§,
zeRm 2
h(Z,X7“7)\)
with Ax? = (Vf(x},\) — ATSTz*) /.
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Proposed M-IHS: Two-Stage Sketching
The dual of the problem

Ax' = argmin  [[SAx|3 + A [|x[5 + 2 (Vf(x', ), x)
x€Rd
is a highly over-determined d x m dimensional problem:

z" = argmin —HATSTZ-i-Vf (x', ) H2 ||Z||§:
zcR™

h(z,x’,)\)
with Ax? = (Vf(x,\) — ATSTz*) /). Another RP can be applied through W € R"2%9 a5

Az) = argmln HWATSTZH2 + A zl3 + 2(V,h(z!,x",\), z),
Rm

2t =2 + A + By (2 — 27T,

where (3 = sdy(A)/mso and az = (1 — 32)2.
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Proposed M-IHS: Two-Stage Sketching
The dual of the problem

Ax' = argmin  [|SAx||5 + A ||x[5 + 2 (V" N), x)
x€Rd
is a highly over-determined d x m dimensional problem:

z" = argmin —HATSTZ-i-Vf (x', ) H2 ||z||§,
zcR™

h(z,xz,)\)
with Ax? = (Vf(x,\) — ATSTz*) /). Another RP can be applied through W € R"2%9 a5

Az) = argmln HWATSTZH2 + A zl3 + 2(V,h(z!,x",\), z),
Rm

2t =2 + A + By (2 — 27T,
where (35 = sdy(A)/ms2 and ag = (1 — 32)%. AAb_Solver can be used for the sub-problems:
(WATST)T(WATST) + \I) Azl = —Vh(z/,x', \)
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Primal Dual M-IHS (for n > d)

Primal Dual M-IHS (for n < d)

1: Input: A, b, mi, ma, A, sdr(A), €sup 1. Input: A, b, mi, ma, A, sda(A), €sub

2: SA = RP_fun(A,m1) 2 SAT =rP_fun(AT m,)

3: WATST = Rrp_fun(ATST ms) 3: WAST = rP_fun(SAT my)

4: Bg:Sd)\(A)/me, 52172 4: ﬁ[:Sd)\(A)/mg, f:].,?

5: ar=(1-8)° £=1,2 5: ae = (1—Be)?, 0=1,2

6: x°=0,2z'"°=0 6: vl =0 2 =0

7: for i=1:N do 7: for i=1:N do

8: b'=AT(b- Ax") - XX 8 b'=b-AATY -\

9: for j=1:M do 9: for j=1:M do
10: g = SA(b" — ATSTz"7) — \g"d 10: gl = SAT (b — ASTz") — Az
11: Az"I = AADb_Solver(WATST g X e.p) 11: Az"I = AAb_Solver(WAS” g™, A €qup)
12: 79Tl = 280 4 oAz 4 ,Bg(zi’j — zi’j_l) 12: zPITL = 200 4 s Az 4 Bz(zi’j — zi’j_l)
13: end for 13: end for
14: Axi = (b' — ATSTZ#M+1) /) 10 — gM+LM g, Avi = (bi—ASTZHM+1Y /) 10 = gM+1LM
15: x =x' + a1 A% + By (xi — xiil) 15: vitl =i+ i AV + By (I/i — 1/"71)
16: end for 16: end for

TR
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Experiments: Un-regularized Problems

8 \ \ \ \
1.5
6 N i —
......................................... 2 H
L AT 25 N
A 2r S ’ L
= 35 :
= 0 . 61 %, i =
S 4 R Y A i
_J o -4.5 W 1 _
® 10.74 10.76 10.78_10.8-10.82°10.84 4 ‘-\ 1
E -4 ||~ — ‘Blendenpik 3 S 1 |
:oD ~-~-LSRN-Isqr 5 ¢ ;
6 LSRN-cheby \“ : B
== = =THS-cheby 1 % H
g Acc. THS 0 “.‘ | i
— M-IHS 12,07 12,075 12.08 12.085 12.09 !
10 ] | | | | | | |
10.4 10.6 10.8 11 1.2 114 11.6 11.8 12 12.2

flop count (logig)

Figure: Performance comparison on an un-regularized LS problem with size 2'¢ x 2000 and
k(A) = 10%. In order to compare the convergence rates, number of iterations for all solvers are set to
N = 100 with the same sketch size: m = 4000.
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Experiments: Over-determined Regularized Problems

1

0r |
-3
=R a
= ., 4 i
E -2
=) s 1
=
w A 6 ]
L5k ]
i 7
< -6 |~ - -Blendenpik —
o0 == = =THS-Cheby. 8
AR Acc. THS 7
8+ M-THS-exact 11.355 11.36 11.365 11.37 11.375 11.38 =
. —— M-IHS-inexact, €5, = 0.1 : ’ ’ ’ ’ :
-9 | | | | | | | |
9.8 10 10.2 10.4 10.6 10.8 11 1.2 1.4
flop count (logyp)
Figure: Performance comparison on a regularized LS problem (n > d) with dimensions
(n,d,m,sdy(A)) = (21¢,4000, 4000, 443).
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Experiments: Scalability to Larger Size Problems

1014

1.3699

T
x10'%

= M-THS-exact
= = .Blendenpik

—@— M-IHS-inexact, €5,y = 0.5

15

it

20 25
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35

time (sec)

102

102

= M-THS-exact
= = .Blendenpik
—@— M-THS-inexact, €5, = 0.5

15

5

20 25 30

35

Figure: Complexity of the algorithms in terms of operation count and computation time on a set of
5-10% x 500 - v dimensional over-determined problems with m = d and sd(A) = d/10.
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Proposed Hybrid M-IHS - |

® The Hybrid M-IHS uses the following update at the i*" iteration:

((SA)T(SA) + A1) Ax'(\;) = AT(b — Ax') — \x',
xT = x" + oy Ax'(N) + Bi(x' —x"71),

with varying A;, ; and (3; parameters.
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Proposed Hybrid M-IHS - |

® The Hybrid M-IHS uses the following update at the i*" iteration:
((SA)T(SA) + A1) Ax'(\;) = AT(b — Ax') — \x',
Xt =x"+ 0 Ax'(\) + Bi(x" — x"71),

with varying A;, ; and (3; parameters.
® After obtaining a proper estimate for the );, the momentum parameters o; and 3; can be
selected as: (SA = U,3,VT)

Bi = sdy, (2s)/m, a; = (1 - B3;)%
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Proposed Hybrid M-IHS - |
® The Hybrid M-IHS uses the following update at the ‘" iteration:
((SA)T(SA) + A1) Ax'(\;) = AT(b — Ax') — \x',
xH =%t 4 OéiAXi()\i) + BZ(XZ — Xifl),
with varying A;, ; and (3; parameters.

® After obtaining a proper estimate for the );, the momentum parameters o; and 3; can be
selected as: (SA = U,3,VT)

Bi = sdy, (Xs)/m, a; = (1 B)°
e To find a proper \; for the i*" sub-problem, we can utilize the GCV as'3:

b Ax(l, b A G AX )]

Grui(N) = tr(I— Pa()) Ser tr (I— Ps,(N)

I Converges very fast but requires access to A for each A
5 iy 300343



Proposed Hybrid M-IHS - I

® To avoid access to A, we can give up on the noise components outside R(A):

AMIx(A) =UT(b - Ax()), (At=Ux"1VvT)
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Proposed Hybrid M-IHS - I

® To avoid access to A, we can give up on the noise components outside R(A):
AMIx(A) =UT(b - Ax()), (At=Ux"1VvT)
e If Atis replaced by (SA)%, then the following biased estimate is obtained:
Asayx)| = A= VExO)|, = [sAYATB - Ax()| . @)

where SA = U3, VT and the bias is given byl

Es [H(SA)iAT(b - Ax(A))HZ] =0 UT(b - Ax(V)], -
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Proposed Hybrid M-IHS - I

® To avoid access to A, we can give up on the noise components outside R(A):
AMIx(A) =UT(b - Ax()), (At=Ux"1VvT)
e If Atis replaced by (SA)%, then the following biased estimate is obtained:
Asayx)| = A= VExO)|, = [sAYATB - Ax()| . @)

where SA = U3, VT and the bias is given byl
Es [H(SA)iAT(b - Ax(A))HZ] =0 UT(b - Ax(V)], -

® To get a \ estimate for the i*" sub-problem, we substitute x* + Ax*()) for x(\) in eq. (1)

MEAVT (x4 AxE(N
A; = argmin H 5 S(X+ X())

B
2eR d—tr(Ps,(\)) ‘

ibrahim Kurban Ozaslan M.S. Thesis Presentation 13 July 2020 29 /43



Proposed Hybrid Dual M-IHS

® The Hybrid Dual M-IHS uses the following update at the i*” iteration:
(ASTYT(SAT) + A\ L,) Avi(N) =b — AATV — A/
v = vl b g AV () + Bi(v — v

with varying \;, ; and (3; parameters.
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Proposed Hybrid Dual M-IHS

® The Hybrid Dual M-IHS uses the following update at the i*” iteration:
(ASTYT(SAT) + A\ L,) Avi(N) =b — AATV — A/
v =V b AV + BV -
with varying \;, ; and (3; parameters.

® Momentum parameters can be chosen in the same fashion as the Hybrid M-IHS after
estimating a proper ;.
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Proposed Hybrid Dual M-IHS
® The Hybrid Dual M-IHS uses the following update at the i*” iteration:
(ASTYT(SAT) + A\ L,) Avi(N) =b — AATV — A/
v =V 4 AV () + B — )
with varying \;, ; and (3; parameters.
® Momentum parameters can be chosen in the same fashion as the Hybrid M-IHS after

estimating a proper ;.
® Av(\) =b — Ax()), so the GCV can be written as

G run(N) = % i

* To find a proper ); estimate, we substitute v + Av?()\) for v()) in eq. (2)

A; = argmin A Hyl - Ayi()\)‘b.
T % tr(L = Ps, (V)
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Hybrid M-IHS (for n > d Hybrid Dual M-IHS (for n < d
Y Y

1: Input: A € R b, m, x° 1: Input: A € R"4 b, m

2: SA = RP_fun(A, m) 2: SAT = rP_fun(A”,m)

3: [Z,, V] = svd(SA) 3: [B,, V] = svd(SAT, n)

4: while until stopping criteria do 4: while until stopping criteria do

5. gi=VTAT (b— Ax) 5. hi=VI(b-AATV)

6: f'=3"g' + 3, Vix’ 6: fi =hi +32VTy

=y =24+ am e
ro T A T A eremin S )
8: Axiz Vi (E? + )\iI)fl (gi _ AiVin) 8 Avi=V, (2% i )\iId)fl (Hz . )\iVZVi)
o: k:(i—)\itr((EE—F/\iI)*l) o Fedorm (D)
0 fi=k/m 0. fi=k/m
11 ;= (1—4;)? )
11: a; = (1-05)

12: xl=xt 4 a; Ax + Bi(xF — xih)

12: vitl =yt 4 o, AVt + B, (vt — Vit
13: end while ! Bl )

13: end while
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Proposed Hybrid Primal Dual M-IHS - |

® In main (outer) iterations, it uses Hybrid Dual M-IHS update

M(A)—argmn —HSAT I+ ||u||§+<v9<ui,&->, v) (3)
e n

v =l o AV () + BV - v
® Instead of eq. (3), the dual problem:

z'(\) = argmin  ||ASTz + Vg1, \) H2 + Az ||2, (4)

zeR™1

h(z,m7 )

is solved by using following inner iterations:
Az (N ) = argg{?m1 HWASTZH2 + \ij HzHg +2(V,h(z", V', N ), 2z),
zER™
Z = Zh) OéjAZi’j()\m‘) + ,Bj (Zi’j — Zi’jfl),
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Proposed Hybrid Primal Dual M-IHS - Il

® By using the following relation

SATY! + SATAY()) S22 PRI GAT i 4 gid 4 Az (), ;)

inner loop
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Proposed Hybrid Primal Dual M-IHS - Il

® By using the following relation

Hybrid PD M-IHS
P A —

SATV + SATAV () SATV! + 2 + Az (N )

inner loop

® We combined risk functions used in Hybrid M-IHS and Hybrid Dual M-IHS:

2

\; = argmin A HE;lVST (' + AXi()\))HQ and \; = argmin A HVZ i AVi(A)H
S d—t (Pe.(V) s s o V)

® QObtained the following risk function:

MBI VISATY 4 29 4 Az (V)
Ai,j = argmin
AR my —tr(Pg, (A))

where WAST = U, 2, VL.
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Hybrid Primal Dual M-IHS (for n <d or n > d)

1: Input: A € R™™¢ b, mi, ma
2: [SAT] = RP_fun(AT, m;)

3: [WAS”] = RP_fun(AS7T, my)

4: [By, V] = svd(WAST, m;)

5: T:—oo,i:—l,uozxozﬂ,zo’ozo
6: while until first stopping criteria do

7 1=1+4+1

8: h' =b — AX’

9: Ul =SATY

10: 20 =z =1

11: while until second stopping criteria do
12: j=7+1

13: gl = VISAT(h' — ASTz")
14: 7 =VI(z" + 7

15: fid =3 lghd 4 3,297

2 —1 4
(5 +21) £

16: Aiy = ar§g1T|n (22 + A1)

17: Az =V (82 4+ i 1) (g9 — N yzd)
18: F=m —AMtr((Eﬁ, +Ai,j1)‘1)

19: Brj = k/ma

20: ar; = (1-pi;)°

21: 2T = g p oy jAZY 4By (25— 28T
22:  end while

23:  Avi=(h' — A\ vt — ASTZHITY) /)

24: Boi = k/ma

25: g = (1= B2;)?

26: vl =i b an AV Ba (v — T

27: xH = ATpif!

28: 7 =max(\ij, T)

29: end while
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@~ OR-LS
- A -GCV-full
GCV-partial

—s—Hybrid LSQR (300)
~—+—Hybrid-modified (L)

——Hybrid LSQR (GCV-stop) | |

—e—Hybrid Primal Dual M-THS
h I

@ OR-LS
- A GCV-full
GCV-partial

% Hybrid LSQR (300)
——Hybrid-modified (L)

——Hybrid LSQR (GCV-stop)

—e—Hybrid Primal Dual M-IHS
I

0.3% 0.6% 1% 4% 8% 10% 12%
noise level, |w|l2/[|Axoll>

15%

-6
0.1% 0.5% 1% 4% 8% 10% 12%

noise level, [|w]a/||Axo|ls

Figure: Error and parameter estimation performances on an image de-blurring problem with Gaussian psf.
(n,d,m1, mz2) = (10%, 104, 2k*, 5k*)

Table: Effective ranks and the number of iterations that the iterative algorithms need to obtain the results.

Techniques 03% 06% 1% 4% 8% 10% 12% 15%
k* 293 259 245 195 163 164 162 158
Hybrid LSQR 39 27 23 8 4 4 3 38
Hybrid-modified 593 559 545 495 463 464 462 458
Hybrid M-IHS 14 15 14 11 13 12 12 10
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= -07F i< r = g
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5 08f 17 051 |
- -4 GCV-full of - A GCV-full 4
g'z 09 GCV-partial B GCV-partial
- ——Hybrid LSQR (GCV-stop) 05F —$—Hybrid LSQR (GCV-stop) ||
RS ——Hybrid LSQR (300) —»—Hybrid LSQR (300)
—+—Hybrid-modified (L) Ry —+—Hybrid-modified (L) B
PRI —e—Hybrid Primal Dual M-THS| | —e—Hybrid Primal Dual M-IHS
: I I I I i i 1 1 1. | I I I I 1 1
0.3% 0.6% 1% 4% 8% 10% 12% 15% 0.1% 0.5% 1% 4% 8% 10% 12% 15%

noise level, ||w|l2/[|Axoll»

noise level, ||w|l2/||Axol|2

Figure: Error and parameter estimation performances on a seismic travel-time tomography problem with Fresnel wave
model. (n,d,m1,ma) = (2-10%,10%, 2k*, 5k*)

Table: Effective ranks and the number of iterations that the iterative algorithms need to obtain the results.

Techniques 0.3% 0.6% 1% 4% 8% 10% 12% 15%
k* 1324 1006 759 417 261 224 188 176
Hybrid LSQR 43 33 27 11 7 69 63 57
Hybrid-modified 2260 1879 1676 1386 1266 1256 1227 1994
Hybrid M-IHS 10 10 9 9 10 10 12 10
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W - A GCV-full —A-GCV-full
o 14Ff GCV-partial 4 GCV-partial
gé —o—Hybrid LSQR(GCV-stop) —$—Hybrid LSQR (GCV-stop)
= 46k —s—Hybrid LSQR (300) i % Hybrid LSQR (300) |
—+—Hybrid-modified (L) —+—Hybrid-modified (L)
18k —e—Hybrid M-THS (ROS) i —e—Hybrid M-IHS (ROS) i
- % -Hybrid M-THS (CountSketch) - % -Hybrid M-THS (CountSketch)
oy L L L I I I I R : I I I L 1 I i
0.3% 0.6% 1% 4% 8% 10% 12% 15% 0.1% 0.5% 1% 4% 8% 10% 12% 15%

noise level, |w]2/[|Ax|2 noise level, ||wlls/[|Axql2
Figure: Error and parameter estimation performances on X-ray tomography problem with parallel beam geometry.
(n,d,m) = (12780, 2500, 5000)

Table: Effective ranks and the number of iterations that the iterative algorithms need to obtain the results.

Techniques 0.3% 0.6% 1% 4% 8% 10% 12% 15%
k* 2495 2489 2480 2460 2356 2306 2260 2106
Hybrid LSQR 38 29 22 9 6 133 124 126
Hybrid-modified 2498 2492 2483 2463 2359 2309 2263 2109
Hybrid M-IHS 18 17 16 13 12 9 10 9
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0.3% 0.6% 1% 4% 8% 10% 12% 15% 0.1% 0.5% 1% 4% 8% 10% 12% 15%

noise level, [wll2/[|Ax||2

noise level, [[wl|2/[|Axol|2

Figure: Error and parameter estimation performances on seismic travel-time tomography problem with straight-line wave

model. (n,d, m) = (64000, 1600, 3200)

Table: Effective ranks and the number of iterations that the iterative algorithms need to obtain the results.

Techniques 0.3% 0.6% 1% 4% 8% 10% 12% 15%
k* 1590 1581 1565 1473 1226 1221 1214 1180
Hybrid LSQR 48 24 22 6 284 280 276 256
Hybrid-modified 1600 1600 1600 1600 1600 1600 1593 1534
Hybrid M-IHS 18 18 17 13 10 8 9 8
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noise level, || wl|z/[|Axoll2 noise level, [[wllz2/ | Axoll2
Figure: Error and parameter estimation performances on a randomly generated data.

(n,d,m) = (1500, 10%, 3000)

Table: Effective ranks and the number of iterations that the iterative algorithms need to obtain the results.

Techniques 03% 06% 1% 4% 8% 10% 12% 15%
k* 879 832 791 679 603 579 563 527
Hybrid LSQR 177 109 58 17 10 98 82 70
Hybrid-modified 1179 1132 1091 979 903 879 863 827
Hybrid M-IHS 7 7 7 8 10 10 10 10
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Figure: Convergence behaviour of the hybrid methods in each previous example at a noise level of 1%.
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(a) xo (b) b (€) Xoracte (d) Xy-1ms (€) Xaybrid-Lsgr
Figure: Example 1 ( ): image deblurring problem with Gaussian psf
(a) xo (b) b (€) Xoracte (d) Xpy-155 (€) Xaybrid-Lsgr

Figure: Example 2 (n > d): seismic travel-time tomography problem with Fresnel wave model

ibrahim Kurban Ozaslan 13 July 2020 41/43



(a) xo (b) b (c) Xorecte (d) Xp-rms (e) Xmyprid-Lsgr

Figure: Example 3 (n > d): X-ray tomography problem with parallel beam geometry

SRR =

(a) xo (b) b (€) Xoracte (d) Xpy-155 (e) Xmybrid-Lsgr

Figure: Example 4 (n > d): seismic travel-time tomography problem with straight-line wave model
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Conclusions and Future Work

v" We introduced a group of solver for large scale linear least squares problems.

Q\

The proposed algorithms are effective as long as the statistical dimension is sufficiently
smaller than at least one size of the coefficient matrix.

v They have various desirable properties for modern computing devices that are prevalent in
large scale applications.

V" In regularized problems, if the regularization parameters are unknown, the Hybrid M-IHS
algorithms have capability of finding better parameters than direct methods in far fewer
number of iterations than the conventional hybrid methods.
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Conclusions and Future Work

v" We introduced a group of solver for large scale linear least squares problems.

\

The proposed algorithms are effective as long as the statistical dimension is sufficiently
smaller than at least one size of the coefficient matrix.

v They have various desirable properties for modern computing devices that are prevalent in
large scale applications.

V" In regularized problems, if the regularization parameters are unknown, the Hybrid M-IHS
algorithms have capability of finding better parameters than direct methods in far fewer
number of iterations than the conventional hybrid methods.

® The effect of the inexact sub-solvers on the convergence rate of the M-THS algorithms can
be studied as a future direction.

e (Classical sketching methods can be investigated to estimate proper regularization
parameter and to construct regularized solution.
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RP-based Methods: Classical Sketching
® Based on observing (SA, Sb) pair instead of (A, b)

~ .1 A
%(\) = argmin = |SAx — Sb|2 + £ ||x[3
xeR4 2 2
e Seeks (-optimal cost approximation®®:
JEA),A) < (140 f(x(A), )
* O(ndlog(m) + md?) vs O(nd?)
® Sub-optimal for obtaining a n-optimal solution approximation®
1x(A) = x(N)llw < 7 llx(Mllw
for example, if w ~ N(0, 0%1,), then:

old

6.

Ew[lxis —=xolla] = == whereas  Esw [[[X(}) = x0lla] =

n
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Estimation of the Statistical Dimension
The statistical dimension of A € R™*4 can be estimated as

sdy(A) =tr (A (ATA + )\I)_l AT) —tr (I Y (ATA n )\I)_l)

—d= By |tr (v (ATA 4 AT) v ~a- % XT:W} z')
i=1

where (ATA + )\I) z = v’ and v''s are Rademacher r.v.'s with covariance E [VVT] =1,

Inexact Hutchinson Trace Estimator
1 Input: SA e R™*4 X\ T, &,
o vl ={-1,+1}¢, ¢=1,...,T
32 7=0
4. fori = 1:T do
5. z' = AAb_Solver(SA,vi \ ¢ )
6
7
8

=7+ v, z%)
- end for
: Output: sdy =d —7/T
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Numerical Experiments and Comparisons

Data is generated syntactically as following:
@ The entries of A were drawn from the distribution A/(14,T') where Iiyj=5- 0.9li—il

® Singular values were replaced with philips profile provided in RegTool!’.

©® Condition number x(A) was set to 108.

@ For un-regularized problems, the entries of x were sampled from Uni[-1,1].
® For regularized problems, the inputs provided by RegTool were used.

@ Additive i.i.d. Gaussian noise at level of ||w/||, / ||Ax]|, = 1% was used for regularized
problems.

Results were averaged over 32 MC simulations.
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Experiments: Under-determined Regularized Problems

0 \ \ \ \ T \
=
i —
=
é |
x —
|
x i
%7) 7= - ‘Blendenpik 9 i
= h Acc. DRP 11.35 11.36 11.37 11.38

8 —— M-IHS-exact |

—— M-IHS-inexact, €5 = 0.1
9 | | | | | | | |
9.8 10 10.2 10.4 10.6 10.8 11 11.2 11.4

flop count (logip)

Figure: Performance comparison on a regularized LS problem (n < d) with dimensions

(n,d,m,sdy(A)) = (4000, 216, 4000, 462).
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Experiments: Scalability to Larger Size Problems - Il

1014

1012

1010

flop count

108

generate SA (SRHT via DCT)
=== QR (R-factor only)
weeennensdy (A) estimation via R-factor
= = :sdy(A) estimation via SA
—A— Blendenpik iteration
~—©— M-IHS-exact iteration
—@— M-IHS-inexact iteration, ez, = 0.5

15 20 25 30
g

35

10°

generate SA (SRHT via DCT)
~ === QR (R-factor only)

- +sd)(A) estimation via R-factor

= = :sd)(A) estimation via SA

—A— Blendenpik iteration

—©— M-IHS-exact iteration

—@— M-IHS-inexact iteration, ez = 0.5

15 20 25 30 35
v

Figure: Complexity of the each stage in terms of operation count and computation time on a set of
5-10% x 500 - v dimensional over-determined problems with m = d and sd(A) = d/10.
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Experiments: Effect of sd)(A) on Performance of the Inexact Schemes

1014

500
U Sy
400 B
1018 F E
© —~ 300 - 1
E §
S 1012} i3
2 » £
5 E
= + 200 - B
10k /4l
——— ML-IHS-exact 100 ——— M-IHS-exact i
= = «Blendenpik = = . Blendenpik
—e— M-IHS-inexact, e,y = 0.5 “_H___./ —@— M-THS-inexact, e, = 0.5
1010 I I ! ! 0 | I ! !
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4

Iz Iz

Figure: Complexity of the algorithms in terms of operation count and computation time on a
5-10% x 4- 103 dimensional problem for different p = sd)(A)/d ratios.
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Experiments: Effect of sdy(A) on Performance of the Inexact Schemes - I

3
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--------- sdy(A) estimation via R-factor - wwssnenisdy(A) estimation via R-factor
109+ = = :sd)(A) estimation via SA 4 _-" = = :sd)(A) estimation via SA
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Figure: Complexity of each stage in terms of operation count and computation time on a
5-10% x 4 - 10 dimensional problem for different p = sd)(A)/d ratios.
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Experiments: Un-regularized LS Problem

-
(=)
=)
T
=,
I

_______ .,
TTTTTN
"

F|——M-IHS, x = 10%(22)
L |= = ‘M-IHS, x = 10*(22)
5| [ M-IHS, x = 10*(22)
10 CGLS, k = 102
N , & = 10%(390)
[ |= = CGLS, x = 10°(1630)
[ P CGLS, x = 10*(5000)
| |——ARK, x = 10%(3 - 10°)
- = ARK, x = 10%(2-107)
1 ARK, & = 10%(7 - 10%) |
10'10 f |===='LS with QR-Dec. i

%" —xqll2/[[%0]l2

100 10" 10'2
operation count

108 10°

Figure: Performance comparison of the M-IHS, ARK and CGLS on a set of un-regularized LS problem
with size 216 x 500 and different condition numbers.
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Numerical Experiments and Comparisons for Hybrid Methods

® We used IR tools'® to generate realistic examples:
@ Image de-blurring problem with Gaussian psf: 10* x 10*

® Seismic travel-time tomography problem with Fresnel wave model: 2 - 10% x 104
© X-ray tomography problem with parallel beam geometry: 12780 x 2500
@ Seismic travel-time tomography with Straight-Line wave model: 6400 x 1600

©® Randomly generated A and X as earlier: 1500 x 4 - 10*
® We calculated relative error with respect to the effective true input xp« = Vk*V{*xo

e Additive Gaussian noise with 8 different levels was used. Noise level is determined by the
Iwll

[Axoll,

ratio

® Results were averaged over 20 noise realizations.
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Numerical Experiments and Comparisons for Hybrid Methods
5,

logig o;

-10

—Fx 1 10% x 104
—-—--Ex 2: 2:10* x 10*

15+ Ex 3: 12780 x 2500
— — .Ex 4: 64000 x 1600 \
Ex 5: 1500 x 4-10%
_20 1 1 1 1 1
0 200 400 600 800 1000

indices, i

Figure: The size and the singular value profiles of the coefficient matrices used in the numerical
experiments.

Ibrahim Kurban Ozaslan M.S. Thesis Presentation 13 July 2020 43/43



Numerical Experiments and Comparisons

Table: PSNR (in dB) values of the reconstructed images measured with respect to the effective true
input Xg~.

ex. no | ex. 1 | ex. 2 | ex. 3 | ex. 4

[wll/|[Axo| | 0.3% | 1% | 10% | 0.3% | 1% | 10% | 0.3% | 1% | 10% | 0.3% | 1% | 10%
OR-LS 36.00 [ 35.71]31.48[28.46 [ 23.65 [ 22.89 [ 49.20 [ 39.79 [ 24.93 [ 35.92 [ 28.99

Hybrid M-IHS | 35.95 | 35.6 | 29.27 | 28.44 | 23.60 | 22.89 | 47.70 | 39.49 | 24.82 | 36.02
Hybrid LSQR | 30.57 | 29.80 | 24.93 | 22.58 | 16.09 | 19.37 | 38.40 | 31.43 | 24.02 | 15.95

22.56
28.92 | 22.56
15.93 | 22.04
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Linear Least Squares Problems
® Linear Systems of equations:

Axo+w =b, A e R™*4,

® Aim is to recover xgy by observing A and b:
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Linear Least Squares Problems
® Linear Systems of equations:

Axy+w =Db, A e R4,

® Aim is to recover xgy by observing A and b:

XLs = argmin ||[Ax — b||§
x€R4
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Linear Least Squares Problems
® Linear Systems of equations:
Axy+w =Db, A e R4,
® Aim is to recover xg by observing A and b: (A = UXVT)
¢ u'b
XLs = argmin ||[Ax — b||g = Z t

d - a;
x€eR i=1 ?

Vi
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Linear Least Squares Problems
® Linear Systems of equations:

Axy+w =Db, A e R4,

® Aim is to recover x( by observing A and b: (A = UEVT)
d

Tt k”
XLs = argmin ||[Ax — b||§ = Z i v = (
xeR? = 7 1

)vl—i-z (v X0 +

i=k*+1

indices, 7
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Linear Least Squares Problems
® Linear Systems of equations:

Axy+w =Db, A e R4,
Noise Enhancement

® Aim is to recover x( by observing A and b' (A= UEVT) . ~

d ur u?
XLs = argmin ||[Ax — b||§ = Z bvl —Z ( T ) VH‘Z (v x0 + w) v;
x€eR4 = 7 i=1 i=k*+1 7i
.
TN
Al
: A
E%' 0 -
| |
2l
al]—xs=TL v
4 I_XO P

’ 0 20 40 60 80 100 0 20 40 60 80 100

indices, i indices,i
Ibrahim Kurban Ozaslan M.S. Thesis Presentation 13 July 2020 43/43



Linear Least Squares Problems
® Linear Systems of equations:

Axy+w =Db, A e R4,
® Aim is to recover xg by observing A and b: (A = UXVT)

d T k* T

: 2 u; b T u; w

x| s = argmin [|[Ax —b||; = E Oi——V; :E (Vi Xg + — Vi
xeR? = 7 i=1 i

logio

0 20 40 60
indices,i

indices, 7
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Linear Least Squares Problems
® Linear Systems of equations:
Axy+w =Db, A e R4,
® Aim is to recover xg by observing A and b: (A = UXVT)
9 VAN . ul'w
x| s = argmin [|[Ax —b||; = Zqﬁi —v; :Z (viTxo + =
x€ER4 im1 g; —1 o;

)v

logio

logio

n ~
80 100

8 . . n
20 40 60

) _ indices, i
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Regularized LS Problems

d ulp
x(®) =Vexu’b = '21@#‘”, assume |vIxg| < | | for i € [k*]
1= 1
. 1, 0<i<k® 1 ,
* Hard thresholding: i = | |
ar resho |ng (ZS'L { 07 OtherW|Se 0.8 ——Soft thresholding
Eoulb
° X(k*) — Uk*zz;lvf* _ Z u; Vi §0.6
=1 i 0.4
2 1
) o’ 1, o;> A 0.2 !
® Soft thresholding: ¢; = L ’ ! i
g o o2+ A {0, o K A 0 i
J J ) 0 20 40d~ 60 80 100
gz indices, %
® sdy(A) = = L~ k*
X( ) z;(rbz = 0_12_*_)\
e x(\) = VE(22 4 AL)"'UTH = (ATA + L) 'ATb
® x(A) =argmin IIAX b5+ = ||X||§
xER4
F(x,N)
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